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Abstract 
In this paper, finite element theory which is a mechanical engineering tool, is used as 
mathematical bridge between crack mechanics & stress - displacement equations. In this 
theory, the surface of a mechanical component is divided into a finite no. of Finite elements 
having finite dimensions and finite degrees of freedom. For this finite element, when load is 
applied we perform the discretisation of the domain, and from it calculate the displacement, 
stress, strain and curvature. From the equations, we calculate the radius of curvature of the 
crack for that finite element respectively which on addition of residual weights and 
summation we can derived the exact curve of the crack. 
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INTRODUCTION 
For an isotropic linear elastic material, 
Hooks law states in the tensoral form that 
[4], whose counter displacement equation 
as per dealemberts principle are given by 
σ = 
 
   
(
 
    
gg’ + g’’g’’’) Ɛ                   (1)   
X = Y                                                   (2) 
Where,  σ =Ye                                        (3) 
v = u/e                                                    (4) 
u=lateral strain = change in width/original 
width                                                    (5)       
 
Here, the σ, Ɛ and g are the stress, strain 
and the metric tensors. Y is the young 
modulus and v is the poisons ratio. 
 
From the equations, it can be seen that the 
equation suggest a material like constitutive 
relation similar to the hooks law as it relates 
the stress on the left hand side to the 
deformation on the right hand side. 
 
In this paper, using finite element theory a 
body is divided in small elements and a 
single element analysis is done for a given 
boundary conditions and with that the 
results for the entire body is approximated. 
Mechanical Component Element 
Displacement Calculation 
Consider the mechanical element on which 
load acts, the load will displace the 
element surface in downward direction. 
The mechanical element surface will get 
curved from all the sides due to the weight 
of the load. 
 
From this curved mechanical element, we 
will remove a small element which will be 
an element of curved shape, i.e., like an 
arc and consider it as a beam element of 
constant thickness. The physical co-
ordinates of the element are as shown in 
the Fig. 1. And then it is mapped into an 
isoparametric element [8] of a straight line 
as shown in Fig. 2. 
 
A one dimensional mechanical element 
surface curved parabolic isoparametric 
element with three nodes as shown in Fig. 
2 is selected. The shape functions in the 
three nodes in terms of the natural co-
ordinate Ɛ are defined by 
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Ni = 0.5 Ɛo (1+ Ɛo) for I = 1 or 3 and Ɛ = 
ƐƐi                                                        (6) 
Ni = I - Ɛ²                                             (7) 
Thus, at any point on the beam axis the 
displacements. 
X   =   ∑                                          (8) 
Y   =   ∑                                          (9) 
The nodal displacements at the node I are 
taken as [9−11]. 
{x}i    =  {
  
   
   
}                                    (10) 
Where, WI,     and     as shown in Fig. 3 
are the 
WI = displacement of the node in the 
vertical Z direction. 
    = Total rotation of the cross section 
due to bending and shear strains     
=angle of twist at the node The following 
relationships are well known in the 
isoparametric formulation. 
    = 
  
  
 + ф                                      (11) 
Where ф is the rotation due to transverse 
shear. 
w   =   ∑                                       (12) 
     =   ∑                                      (13) 
     =   ∑                                       (14) 
The displacement matrix at any point is 
given by 
f =  {
 
  
  
}     = [N] {x} e = {[n1][n2][n3]}   
{
{ } 
{ } 
{ } 
}                                               (15) 
Where [n1] = [
    
    
    
] 
 
 
Figure 1: Mechanical element curved element physical co-ordinates. 
 
 
Figure 2: Mechanical element curved element isoparametric co-ordinate. 
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Figure 3: Positive directions of model rotations. 
 
Mechanical element surface element stress 
and Strain calculations 
For a beam curved in a plane, the bending 
moment and torque are given by [12−15]. 
M = -EI (
   
  
 +
  
 
)                                  (16) 
T =     GJ (
   
  
 -
  
 
)                                 (17) 
Where, R is the radius of curvature of the 
beam and EI and GJ are the flexural 
rigidity and torsional rigidity respectively. 
The stress resultants for the horizontally 
curved beam is related as follows:  
{
 
 
 
}     =  [
    
     
    
] 
{
 
 
 
   
   
  
 
  
 
  
 
  
  
     
 
   
  
 
  
 
  }
 
 
 
 
                
(18) 
Where, (As) is the shear area of the 
mechanical element element. 
 
This is the equation of the stress and strain 
were:  
  {
 
 
 
}      =  [
    
     
    
] 
{
 
 
 
   
   
  
 
  
 
  
 
  
  
     
 
   
  
 
  
 
  }
 
 
 
      =    Resultant Stress   
{σ}       (19) 
[
    
     
    
]=Modulus of elasticity [D] (20) 
{
 
 
 
   
   
  
 
  
 
  
 
  
  
     
 
   
  
 
  
 
  }
 
 
 
 =Resultant strain {ԑ}(21) 
 
Mechanical element element surface 
curvature calculations: 
Substituting Eq. (12, 13 & 14) in Eq. (21) 
yields: 
{ԑ}  = [B] {X}e                                  (22) 
Where  [B] =∑ [ ]                             (23) 
 [B]i =     
[
 
 
 
   
   
  
 
  
 
   
  
    
  
  
 
   
  ]
 
 
 
 
            (24) 
Eq. (24) contains a term 
 
   
  
 =
   
  
  
  
  = 
 
 
Ni’                            (25) 
Where, J = √[∑         ∑        ]        (26) 
The curvature in the Cartesian co-ordinates 
is given by:  
 
 
  = 
   
   
[  (
  
  
)
 
]  
 
 
 
                                   (27) 
However, 
  
  
  = 
∑             
∑              
                                (28) 
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  = 
 
  
(
  
  
 . 
  
  
                                (29) 
Therefore, 
   
   
   = 
 ∑     ∑       ∑      ∑     
 ∑        
    (30) 
Substituting Eq. (29) and Eq. (30) in Eq. 
(27) we obtain the curvature as given in 
Eq. (31) 
 
 
  = 
 ∑     ∑       ∑      ∑     
 ∑        
[  (
  
  
)
 
]  
 
 
 
            (31) 
 
CONCLUSIONS 
The main advantage of the finite element 
method is the approximations are confined 
to relatively small subdomains, whereas, in 
other methods the admissible function 
satisfies the boundary condition of the 
entire domain which becomes extremely 
difficult when the domain has the irregular 
shape. In the finite element method, the 
admissible functions are valid over the 
simple domain and have nothing to do 
with the boundary, however simple or 
complex may be. 
 
In the above equations the displacement, 
stress, strain and curvature are derived for 
finite size element of the element surface, 
The equations can be applied to any small 
size selected by the user for the 
mechanical element surface and then can 
be approximated for the selected 
continuum of the mechanical element 
surface which is affected by a the given 
load. 
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